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Power spectrum of the distributed chaos can be represented by a weighted superposition of the
exponential functions which is converged to a stretched exponential ∝ exp−(k/kβ)β . An asymptotic
theory has been developed in order to estimate the value of β for the isotropic turbulence. This
value has been found to be β = 3/4. Excellent agreement has been established between this theory
and the data of direct numerical simulations not only for the velocity field but also for the passive
scalar, energy dissipation rate, and magnetic fields. One can conclude that the isotropic turbulence
emerges from the distributed chaos.
PACS numbers: 47.52.+j, 47.27.-i, 52.25.Gj, 47.65.-d
DISTRIBUTED CHAOS
Turbulence can come from deterministic chaos [1].
For dynamical systems the exponential power spectra
is strong indication of chaotic dynamics [2]-[4]. The
exponential spectra were also observed for the transi-
tional and turbulent fluid motions [1],[5]. These motions
were strongly anisotropic, but what can one say about
isotropic turbulence? Is the isotropic turbulence related
to the deterministic chaos? The exponential spectra were
not observed in this turbulence even for small values of
Reynolds number. In order to approach to this problem
let us start from the nature of the exponential spectra
in chaotic dynamical systems. Recently certain progress
was made in this direction in relation to deterministic
chaos in plasmas dynamics [6]. It was suggested there
that the observed exponential spectra are provided by
pulses having a Lorentzian functional form [6]. Namely,
for an individual Lorentzian pulse centred at time t0 and
having width τ the temporal shape in the complex time
plain is
L(t) =
A
2
[
τ
τ + i(t− t0) +
τ
τ − i(t− t0)
]
(1)
Then, for N Lorentzian pulses the power spectrum is a
sum over the residues of the complex time poles
E(ω) ∝
∣∣∣∣∣
N∑
n=1
exp(iωt0,n − ωτn
∣∣∣∣∣
2
(2)
for a narrow distribution of the pulse widths the Eq. (2)
gives an exponential spectrum
E(ω) ∝ exp−(2ωτ) (3)
That is usually observed in the chaotic dynamical sys-
tems. But what if we have a broad (continuous) distri-
bution of the pulse widths (as one can expect for isotropic
turbulence)? In this case the sum Eq. (2) can be approx-
imated by a weighted superposition of the exponential
functions Eq. (3):
E(ω) ∝
∫ ∞
0
P (τ) exp−(2ωτ)dτ (4)
where P (τ) is a probability distribution of τ . If the dis-
tribution is narrow and can be approximated by a delta-
function then we have the exponential spectrum.
STRETCHED EXPONENTIAL
One can look at this problem as a kind of relaxation
problem in a disordered medium (see for instance Ref.
[7]). Namely, if one consider a global relaxation in a
medium with a large number of independently relax-
ing species (each of which decays exponentially) and the
rates of the individual exponential relaxations are differ-
ent (statistically independent), then one can describe the
global relaxation as a weighted linear superposition of the
individual exponential functions in an integral form like
Eq. (4). It is well known (but still not understood) that
for such problems the weighted superposition of the type
Eq (4) is commonly converged to a stretched exponential
[7]. Let us make use of a dimensionless variable: s = τ/τβ
(where the τβ is a dimensional constant):
E(ω) ∝ τβ
∫ ∞
0
P (s) exp−s(2ωτβ) ds (5)
then the universal stretched exponential can be written
as
E(ω) ∝ exp−(ω/ωβ)β (6)
where the constant ωβ = (2τβ)
−1. One can solve an in-
verse problem and find the P (s, β) resulting in Eq. (6).
Except the case of β = 1/2 the expression for P (s, β) is
rather cumbersome (see Ref. [7]). It can be useful to
mention that P (s, β) are asymmetric Levy stable distri-
butions. Due to the Levy-Gnedenko generalization of the
central limit theorem the Levy distributions are ubiqui-
tous in nature [8]. For isotropic turbulence the frequency
spectrum Eq. (6) can be transformed into wave number
spectrum
E(k) ∝ exp−(k/kβ)β (7)
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FIG. 1: Three-dimensional energy spectrum from a direct
numerical simulation of isotropic steady three-dimensional
turbulence [14] for Reynolds number Reλ = 38. The straight
line is drawn in order to indicate a stretched exponential de-
cay Eq. (7) with β = 3/4.
and just this spectrum should be considered as a man-
ifestation of the distributed chaos. An example of the
distributed chaos one can find in Ref. [9].
ASYMPTOTIC ESTIMATION OF β
Asymptotic behaviour of P (s, β) at s→ 0 [7]
P (s, β) ∝ 1
s1+β/2(1−β)
exp− c
sβ/(1−β)
(8)
where c is a constant, can be used for an estimation of β
for the isotropic turbulence. In order to make use of this
asymptotic let us consider an asymptotic of the group ve-
locity υ(κ) of the waves (pulses) driving the distributed
chaos at κ→∞ (do not confuse the υ(κ) with the veloc-
ity field and the wave number κ with the wave number
k). If at this asymptotic the group velocity has a scaling
dependence on κ
υ(κ) ∝ κα (9)
then in order to find the exponent α one needs to know a
dimensional parameter dominating this process. It is well
known that for the isotropic turbulence not only viscosity
(molecular diffusion) determines the processes at κ→∞.
Due to nonlinearity of the Navier-Stokes equations the
nonlocal (long-range) interactions penetrate even into the
deep dissipation range. The interplay of the nonlocality
and viscosity is rather complex in this asymptotic. The
opposite asymptotic k → 0 for the velocity field is also
a subject for an interplay of the long-range interactions
and viscosity. Three fundamental conservation laws: en-
ergy, momentum and angular momentum, are the main
source for dimensional parameters governing scaling re-
lations in the isotropic turbulence and determining cor-
responding scaling exponents [10]. The energy conserva-
tion law was reserved by A. Kolmogorov for the inertial
range of scales where the viscosity effects are negligible
[10] (see also next section). Therefore, we remain with
the conservation of momentum and angular momentum
for the two asymptotic cases mentioned above. Both of
the conservation laws were already tried in the literature
for the second one from these two asymptotic. Namely,
Birkhoff-Saffman and Loitsyanskii integrals (invariants)
are associated with the conservation laws of momentum
and angular momentum, correspondingly [10]-[13]:
In =
∫ ∞
0
rnBLL(r)dr (10)
where BLL is the longitudinal correlation function of the
velocity field. For n = 2 Eq. (10) corresponds to the
Birkhoff-Saffman invariant and for n = 4 to the Loit-
syanskii invariant. Since conservation of the Loitsyansky
integral I4 depends on the type of large-scale correlations
in the initial turbulent flow and, therefore, is non univer-
sal, we remain with the Birkhoff-Saffman invariant for
determining the scaling exponent in the Eq. (9) from the
dimensional consideration:
υ(κ) ' a I1/22 κ3/2 (11)
where a is a dimensionless constant.
If υ(κ) has a Gaussian distribution at this asymptotic:
∝ exp−(υ(κ)/υb)2, then κ has asymptotic distribution
P (κ) ∝ κ1/2 exp−
(
κ
κb
)3
(12)
where κb = (v
2
b/a
2I2)
1/3.
Taking into account that s ∝ κ−1 and substituting
Eqs. (8) and (12) into equation
P (s) ds ∝ P (k) dk (13)
we obtain β = 3/4.
COMPARISON WITH THE DATA OF DNS AND
DISCUSSION
Figure 1 shows the three-dimensional energy spectrum
from a high-resolution direct numerical simulation (DNS)
of homogeneous steady three-dimensional turbulence [14]
for the Taylor-scale Reynolds number Reλ = 38. The
scales in this figure are chosen in order to represent the
Eq. (7) with β = 3/4 as a straight line. The straight
line is drawn in this figure in order to indicate the Eq.
(7) with β = 3/4. The kd = (〈ε〉/ν3)1/4 (where ν is the
kinematic viscosity, and 〈ε〉 is is the mean rate of the en-
ergy dissipation [10]) is the dissipation (Kolmogorov’s)
wavenumber. The stretched exponential covers about
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FIG. 2: The same as in Fig. 1 but for Reynolds number
Reλ = 460
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FIG. 3: The same as in Fig. 2 but in the log-log scales
.
entire available data range and penetrates into the dis-
sipation range k > kd without any problem. But the
Kolmogorov’s scale kd is still relevant to the situation
because the scale kβ turned out to be practically inde-
pendent on the Reynolds number Reλ being represented
in the terms of kd: kβ ' 0.052kd (using the theory of
equilibrium between chaotic and stochastic components
of turbulence suggested in Ref. [15] one can obtain a the-
oretical estimate ln(kd/kβ) ' 3). Indeed figure 2 shows
the data from the same DNS but obtained at Reλ = 460.
The value of kβ extracted from the straight line in Fig.
2 has the same value kβ ' 0.052kd (in the terms of kd)
as for the case Reλ = 38.
In order to show emergence of the inertial (Kol-
mogorov ) range adjacent to the range of the distributed
chaos with the increase of Reλ we show in figure 3 the
same data as in Fig. 2 but in the log-log scales (where
the power-law spectrum corresponds to a straight line).
Actually the range of the distributed chaos represents
the range of the nonlocal interactions for this value of
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FIG. 4: The same as in Fig. 1 but for three-dimensional
power spectrum of a passive scalar from the DNS performed
in Ref. [20] for Reλ = 427 Sc = 1.
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FIG. 5: The same as in Fig. 4 but in the log-log scales
the Reynolds number and it is responsible here for the
so-called bottleneck effect (cf., for instance, [16]-[19]). It
is interesting that using the viscosity only (as a rough
approximation for the governing dimensional parameter)
in the asymptotic Eq. (9) one obtains an asymptotic
estimate for β = 2/3. This value is only by 11% smaller
than the value β = 3/4 obtained above with taking
into account the nonlocal interactions at the asymptotic
κ→∞.
Naturally, one can expect that the same spectrum
should be also valid for a passive scalar field in the
isotropic homogeneous turbulence. However, the Batch-
elor scale kbat = (〈ε〉/νD2)1/4 (where D is the molecu-
lar diffusivity [10]) is more relevant here than the Kol-
mogorov scale kd. The scale kβ in the terms of kbat will
be independent not only on Reλ but also on the Schmidt
number Sc = ν/D (for Sc = 1 : kd = kbat ).
Figure 4 shows the three-dimensional power spectrum
of a passive scalar for Reλ = 427 and Sc = 1. The data
were taken from the Ref. [20] where the results of a DNS
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FIG. 6: The same as in Fig. 1 but for three-dimensional
power spectrum of a passive scalar from the DNS performed
in Ref. [21] for Reλ = 140 Sc = 1/8.
0 0.2 0.4 0.6 0.8 1
-2
-1
0
1
2
(k/kd)3/4
ln
 E
ε
Reλ=167
exp-(k/kβ)3/4
FIG. 7: The same as in Fig. 1 but for normalized three-
dimensional energy dissipation rate spectrum from the DNS
performed in Ref. [22] for Reynolds number Reλ = 167.
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FIG. 8: The same as in Fig. 1 but for three-
dimensional power spectrum of the magnetic field. The
data were taken from the DNS reported at the site
http://turbulence.pha.jhu.edu/datasets.aspx (see also the
Ref. [23]).
of a passive scalar mixing in the homogeneous isotropic
steady three-dimensional turbulence are reported. The
value of kβ extracted from the straight line in Fig. 4 has
the value kβ ' 0.075kbat. In order to show emergence
of the inertial (Obukhov-Corrsin) range adjacent to the
range of the distributed chaos with the increase of Reλ
we show in figure 5 the same data as in Fig. 4 but
in the log-log scales (where the power-law spectrum
corresponds to a straight line, cf. with Figs. 2 and 3).
Figure 6 shows the three-dimensional power spectrum of
a passive scalar for Reλ = 140 and Sc = 1/8. The data
were taken from the Ref. [21] where the results of a DNS
of a passive scalar mixing in the homogeneous isotropic
steady three-dimensional turbulence are reported. The
straight line is drawn in this figure in order to indicate
the Eq. (7) with β = 3/4. The stretched exponential
covers about entire available data range. The scale
kβ represented in the terms of kbat is kβ ' 0.072kbat
(cf. with kβ ' 0.075kbat for the case: Reλ = 427 and
Sc = 1).
The power spectrum of the energy dissipation rate
ε(x) = ν ∂ui∂xk
∂ui
∂xk
can be also considered as a subject
for this universal approach. Figure 7 shows normalized
(non-dimensional) three-dimensional energy dissipa-
tion rate power spectrum Eε from a high-resolution
direct numerical simulation of homogeneous steady
three-dimensional isotropic turbulence [22] for Reynolds
number Rλ = 167. Value of kβ ' 0.234kd for the energy
dissipation rate field.
Finally let us consider power spectrum of the mag-
netic field fluctuations in a forced incompressible MHD
turbulence. In this DNS [23] energy is injected by a
Taylor-Green flow stirring force. The magnetic Prandtl
number is unity. The Kolmogorov scale based on the
averaged magnetic field dissipation rate 〈εm〉: km =
(〈εm〉/ν3)1/4. Taylor-scale Reynolds number for the ve-
locity filed Rλ = 186 , and for the magnetic field
Rλ,m = 144. The data are available at the site
http://turbulence.pha.jhu.edu/datasets.aspx (the data
provenance: H. Aluie, G. Eyink, E. Vishniac, S. Chen).
Figure 8 shows the magnetic field power spectrum EB
obtained in this DNS. The scales in this figure are cho-
sen in order to represent the Eq. (7) with β = 3/4 as a
straight line. The straight line is drawn in this figure in
order to indicate the Eq. (7) with β = 3/4. The value
of kβ extracted from the straight line in Fig. 8 has the
same value kβ ' 0.052km (in the terms of km) as for the
velocity field (in the terms of kd) in the above considered
isotropic turbulence (see also Figs. 1 and 2 and the above
discussed theoretical estimate ln(km/kβ) ' 3).
5ACKNOWLEDGEMENT
I thank H. Aluie, S. Chen, G. Eyink, T. Ishihara, T.
Nakano, D. Fukayama, T. Gotoh, K. R. Sreenivasan and
E. Vishniac for sharing their data.
[1] A. Brandstater and H. L. Swinney, Phys. Rev. A 35, 2207
(1987).
[2] U. Frisch and R. Morf, Phys. Rev., 23, 2673 (1981).
[3] J. D. Farmer, Physica D, 4, 366 (1982).
[4] D.E. Sigeti, Phys. Rev. E, 52, 2443 (1995).
[5] G. S. Lewis and H. L. Swinney, Phys. Rev. E 59, 5457
(1999).
[6] J.E. Maggs and G.J. Morales, Phys. Rev. Lett., 107,
185003 (2011); Phys. Rev. E 86, 015401(R) (2012).
[7] D. C. Johnston, Phys. Rev. B 74, 184430 (2006).
[8] C. Tsallis, S. V. F. Levy, A. M. C. Souza, and R. May-
nard, Phys. Rev. Lett. 75, 3589 (1995).
[9] A. Bershadskii, arXiv:1510.01909 (2015).
[10] A. S. Monin, A. M. Yaglom, Statistical Fluid Mechanics,
Vol. II: Mechanics of Turbulence (Dover Pub. NY, 2007).
[11] L. D. Landau and E. M. Lifshitz,, Fluid Mechanics (Perg-
amon Press, 1987).
[12] G. Birkhoff, Commun. Pure Appl. Math. 7, 19 (1954)
[13] P. G. Saffman, J. Fluid. Mech. 27, 551 (1967).
[14] T. Gotoh, D. Fukayama, and T. Nakano, Phys. Fluids
14, 1065 (2002).
[15] A. Bershadskii, Chaos 20, 043124 (2010).
[16] G. Falkovich, Phys. Fluids 6, 1411 (1994).
[17] D. Lohse and A. Muller-Groeling, Phys. Rev. Lett., 74,
1747 (1995); Phys. Rev. E 54, 395 (1996).
[18] M.K. Verma and D. Donzis, J. Phys. A, 40, 4401 (2007).
[19] A. Bershadskii, Phys. Fluids 20, 085103 (2008).
[20] T. Watanabe and T. Gotoh, New J. Phys. 6, 40 (2004).
[21] P. K. Yeung, Shuyi Xu and K. R. Sreenivasan, Phys.
Fluids 14, 4178 (2002).
[22] T. Ishihara, Y. Kaneda, M. Yokokawa, K. Itakura and
A. Uno, J. Phys. Soc. of Japan, 74, 1464 (2005).
[23] H. Aluie. Hydrodynamic and Magnetohydrodynamic
Turbulence: Invariants, Cascades, and Locality. PhD
thesis, The Johns Hopkins University, Baltimore, 2009.
http://search.proquest.com/docview/304916341
